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Abstract
Scattered linear sets of pseudoregulus type in PG(1, qt) have been
defined and investigated in [19, 5]. The aim of this paper is to continue
such an investigation. Properties of a scattered linear set of pseudoreg-
ulus type, say L, are proved by means of three different ways to obtain
L: (i) as projection of a q-order canonical subgeometry [20], (ii) as a
set whose image under the field reduction map is the hypersurface of
degree t in PG(2t − 1, q) studied in [10], (iii) as exterior splash, by
the correspondence described in [15]. In particular, given a canonical
subgeometry Σ of PG(t− 1, qt), necessary and sufficient conditions are
given for the projection of Σ with center a (t − 3)-subspace to be a
linear set of pseudoregulus type. Furthermore, the q-order sublines are
counted and geometrically described.
AMS subject classification: 51E20
Keywords: linear set, subgeometry, normal rational curve, finite projec-
tive space
1 Introduction
If V is a vector space over the finite field Fqt , then PGqt(V ) denotes the
projective space whose points are the one-dimensional Fqt-subspaces of V .
If V has dimension n over Fqt, then PGqt(V ) = PG(n − 1, q
t). For a point
set T ⊂ PG(n−1, qt) denote by 〈T 〉 the projective subspace of PG(n−1, qt)
spanned by the points in T . For m | t and a set of elements S ⊂ V denote
by 〈S〉qm the Fqm-vector subspace of V spanned by the vectors in S. For
the rest of the paper assume that q = pe is a power of the prime p. Also
1
θs = (q
s+1 − 1)/(q − 1) for s ∈ N ∪ {−1}, and N(x) = qθt−1 is the norm of
x ∈ Fqt over Fq.
Let R = Fr
qt
, and let P = PGqt(T ) be a point of PG(r − 1, q
t), where T
is a one-dimensional Fqt-subspace of R. Then Fr,t,q(P ) := PGq(T ) defines
the field reduction from PG(r− 1, qt) to PG(rt− 1, q). Denote the point set
of PG(r − 1, qt) by P. Then Fr,t,q(P) is a Desarguesian (t − 1)-spread of
PG(rt− 1, q) [18]. Let S be a subspace of PG(rt− 1, q) = PGq(R), then
B(S) := {P ∈ PG(r − 1, qt) | Fr,t,q(P ) ∩ S 6= ∅}.
A point set L ⊆ PG(r− 1, qt) is said to be Fq-linear (or just linear) of rank
n if L = B(S) for some (n − 1)-subspace S ⊆ PG(rt − 1, q). The size of
such L is at most θn−1; if the size of L is equal to θn−1, then L is a scattered
linear set.
Definition 1.1. Let PGqt(V ) = PG(n − 1, q
t), let W be an n-dimensional
Fq-vector subspace of V , and Σ = {〈w〉qt | w ∈W
∗}. If 〈Σ〉 = PG(n−1, qt),
then Σ is a (q-order) canonical subgeometry of PG(n− 1, qt).
Let Σ be a q-order canonical subgeometry of Σ = PG(n − 1, qt). Let
Γ ⊂ Σ \ Σ be an (n− 1− r)-space and let Λ ⊂ Σ \ Γ be an (r − 1)-space of
Σ. The projection of Σ from center Γ to axis Λ is the point set
L = pΓ,Λ (Σ) := {〈Γ, P 〉 ∩ Λ | P ∈ Σ}. (1)
In [20] Lunardon and Polverino characterized linear sets as projections
of canonical subgeometries. They proved the following.
Theorem 1.2 ([20, Theorems 1 and 2]). Let Σ, Σ, Λ, Γ and L = pΓ,Λ(Σ)
be defined as above. Then L is an Fq-linear set of rank n and 〈L〉 = Λ.
Conversely, if L is an Fq-linear set of rank n of Λ = PG(r − 1, q
t) ⊂ Σ and
〈L〉 = Λ, then there is an (n− 1− r)-space Γ disjoint from Λ and a q-order
canonical subgeometry Σ disjoint from Γ such that L = pΓ,Λ(Σ).
Note that when r = n in Theorem 1.2, then L = pΓ,Λ(Σ) = Σ, hence L
is a canonical subgeometry.
A family of scattered Fq-linear sets of rank tm of PG(2m− 1, q
t), called
of pseudoregulus type, have been introduced in [21] for m = 2 and t = 3,
further generalized in [12] for m ≥ 2 and t = 3 and finally in [19] for
m ≥ 1 and t ≥ 2 (for t = 2 they are the same as Baer subgeometries
isomorphic to PG(2m − 1, q), see [19, Remark 3.4]). This paper is devoted
to the investigation of linear sets of pseudoregulus type in PG(1, qt). It has
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been proved in [19, Section 4] and in [5, Remark 2.2] that all linear sets of
pseudoregulus type in PG(1, qt) are PGL(2, qt)-equivalent and hence they
ca ben defined as follows.
Definition 1.3 ([19, 5]). A point set L of PGqt(F
2
qt
) = PG(1, qt), t ≥ 2, is
called a linear set of pseudoregulus type if L is projectively equivalent to
L0 = {〈(λ, λ
q)〉qt | λ ∈ F
∗
qt}. (2)
If φ is a projectivity mapping L0 into L, then 〈(1, 0)〉
φ
qt
and 〈(0, 1)〉φ
qt
are
transversal points of L.
There are precisely two transversal points [19, Proposition 4.3].
Section 2 is devoted to the characterization (Theorem 2.3) of the pro-
jecting configuration giving rise, according to Theorem 1.2, to a linear set
of pseudoregulus type in PG(1, qt), say L. In particular, a necessary and
sufficient condition is that the center of the projection is of type
Γ = 〈P,P σˆ, . . . , P σˆ
t−3
〉,
where P is an imaginary point with respect the canonical subgeometry Σ,
and σˆ is a collineation of order t fixing Σ pointwise. Dualizing Theorem 2.3
allows a description of all line and canonical subgeometry pairs giving rise
to an exterior splash which is a linear set of pseudoregulus type in PG(1, qt)
(Theorem 2.6).
In Section 3 a sufficient condition (Proposition 3.7) is proved for a normal
rational curve in PG(t− 1, qt), t prime, to be Fq-rational.
In Section 4 the q-order sublines contained in a linear set of pseudoregu-
lus type in PG(1, qt) are thoroughly investigated. Their number is computed
(17) for q ≥ t. A particular subset of them is described, where the q-order
sublines are projections of normal Fq-rational curves of order t−1 containing
the basis {P,P σˆ, . . . , P σˆ
t−1
}. This generalizes the result on q-order sublines
in [1, Theorem 5.2].
In order to describe all q-order sublines in L, in Section 5 the notion of
a d-power of a line is introduced and investigated. Assuming PG(t− 1, q) =
PGq(Fqt), the d-power ℓ
d of a line ℓ is the set of all 〈xd〉q for 〈x〉q ∈ ℓ. In
Theorem 5.10 a sufficient condition on d is proved for ℓd to be a normal
rational curve. As a consequence, for q ≥ t any q-order subline in L is
projection of a normal rational curve (Theorem 5.12). Additionally, if t is
prime, there are (t − 1) families of sublines arising from normal rational
curves of all orders from one to t− 1, where the order is constant inside any
family (Theorem 5.13).
3
2 Characterization of the projecting configurations
In this section L denotes a scattered linear set of pseudoregulus type in
ℓ0 ∼= PG(1, q
t), t ≥ 3. It is assumed that for a (t− 3)-subspace Γ of PG(t−
1, qt) ⊃ ℓ0, with Γ ∩ ℓ0 = ∅, and a q-order (t− 1)-dimensional subgeometry
Σ, Σ ∩ Γ = ∅, of PG(t − 1, qt) it holds pΓ,ℓ0(Σ) = L. In PG(t − 1, q
t) take
homogeneous coordinates such that Σ is the set of points having coordinates
x1, x2, . . . , xt in Fq.
Let Γˆ and ℓˆ0 be the (t− 2)-subspace and 2-subspace of F
t
qt
related to Γ
and ℓ0, respectively. Two vectors v1, v2 ∈ ℓˆ0 exist such that
L = {〈λv1 + λ
qv2〉qt | λ ∈ F
∗
qt}. (3)
Denote by ϕi, i = 1, 2, the canonical projection onto 〈vi〉qt with respect to
(Γˆ + 〈v3−i〉qt) ⊕ 〈vi〉qt . By this definition L = {〈a
ϕ1 + aϕ2〉qt | a ∈ (F
t
q)
∗}.
This implies that letting
ϕi(a1, a2, . . . , at) =
t∑
j=1
µijajvi, i = 1, 2,
both (µ11, µ12, . . . , µ1t) and (µ21, µ22, . . . , µ2t) are t-tuples of Fq-linearly in-
dependent elements of Fqt. Then the map ϕ : Fqt → Fqt defined by
(
∑t
j=1 µ1jaj)
ϕ =
∑t
j=1 µ2jaj for any a1, a2, . . ., at ∈ Fq is a well-defined
non-singular Fq-linear map. The linear set L can be expressed by means of
this map as follows:
L = {〈λv1 + λ
ϕv2〉qt | λ ∈ F
∗
qt}. (4)
Proposition 2.1. The function ϕ has the following properties.
(i) Any λ ∈ F∗
qt
satisfies N(λϕλ−1) = 1.
(ii) For any β, λ ∈ Fqt, λ 6= 0, it holds (βλ)
ϕ = βλϕ if and only if β ∈ Fq.
Proof. The first statement follows by comparing (3) and (4). Taking into
account (4) once again, we have that the size θt−1 of L equals the size of the
image of ψ : F∗
qt
→ {z ∈ Fqt | N(z) = 1} defined by λ
ψ = λϕλ−1. Since all
non-zero elements of a one-dimensional Fq-subspace have the same image,
the images of any two Fq-linearly independent vectors are distinct. This
implies that for any nonzero λ, µ ∈ Fqt,
〈λ〉q = 〈µ〉q ⇔ λ
ϕλ−1 = µϕµ−1 ⇔
µϕ
λϕ
=
µ
λ
.
The thesis follows by applying the last equivalences to µ = βλ.
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In the main result of this section (Theorem 2.3) the following fact on
permutation polynomials, i.e., polynomials in Fq[x] which are bijective maps,
is needed.
Theorem 2.2. [3, 23] Let F be a field of order q′ = pn, and1 1 < d | q′− 1,
say q′ − 1 = dm. Define Ψd(x) = x
m for x ∈ F . If f(x) is a permutation
polynomial on F satisfying f(0) = 0, f(1) = 1, and Ψd{f(x) − f(y)} =
Ψd(x−y) for all x, y, then an integer j satisfying d | p
j−1, 0 ≤ j < n exists
such that f(x) = xp
j
for all x ∈ F .
Theorem 2.3. Let Σ be a q-order canonical subgeometry of PG(t − 1, qt),
q > 2, t ≥ 3. Assume that Γ and ℓ0 are a (t − 3)-subspace and a line of
PG(t− 1, qt), respectively, such that Σ∩ Γ = ∅ = ℓ0 ∩Γ. Then the following
assertions are equivalent:
(i) The set pΓ,ℓ0(Σ) is a scattered Fq-linear set of pseudoregulus type.
(ii) A generator σˆ exists of the subgroup of PΓL(t, qt) fixing pointwise Σ,
such that dim(Γ ∩ Γσˆ) = t− 4; furthermore, Γ is not contained in the
span of any hyperplane of Σ.
(iii) There are a point PΓ and a generator σˆ of the subgroup of PΓL(t, q
t)
fixing pointwise Σ, such that 〈PΓ, P
σˆ
Γ , . . . , P
σˆt−1
Γ 〉 = PG(t− 1, q
t), and
Γ = 〈PΓ, P
σˆ
Γ , . . . , P
σˆt−3
Γ 〉. (5)
Furthermore, if the conditions above are satisfied, then
(a) For a fixed σˆ, the point PΓ satisfying (5) is unique;
(b) the transversal points are precisely ℓ0 ∩ 〈Γ, P
σˆi
Γ 〉, i = t− 2, t− 1.
Proof. (i)⇒ (ii). Theorem 2.2 for f = ϕ/(1ϕ), q′ = qt and d = q−1 together
with Proposition 2.1 imply that an α ∈ Fqt with N(α) = 1 and an integer ν
with gcd(t, ν) = 1 exist such that λϕ = αλq
ν
for any λ ∈ Fqt . The map
σ : x 7→ xq
ν
(6)
induces a generator σˆ of the subgroup of PΓL(t, qt) fixing pointwise Σ, and
Γ is intersection of the hyperplanes H of equation
∑t
j=1 µ1jXj = 0 and H
σˆ
of equation
∑t
j=1 µ
σ
1jXj = 0. This implies that Γ∩Γ
σˆ = H ∩H σˆ ∩H σˆ
2
has
1The condition d > 1 is not explicitly stated in[23], but is clear from the context. See
also [2].
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dimension at least t− 4. If Γ∩Γσˆ had dimension t− 3, that is Γ = Γσˆ, then
Γ would be the span of a subspace of the canonical subgeometry Σ (see e.g.
[17, Lemma (3.2)]), contradicting the assumption that pΓ,ℓ0(Σ) is scattered.
By the same assumption, Γ is not contained in the span of any hyperplane
of Σ.
(ii) ⇒ (iii). Since Σ = {〈a〉qt | a ∈ (F
t
q)
∗} is the standard canonical
subgeometry, the map σˆ can be identified with an automorphism σ of order
t of Fqt. Let H
σˆ be the hyperplane spanned by Γ and Γσˆ. Hence Γ ⊆ H∩H σˆ.
The equation H = H σˆ would imply that H is the span of a hyperplane of
Σ, a contradiction, so Γ = H ∩H σˆ. It holds
t−3⋂
j=0
Γσˆ
j
=
t−2⋂
j=0
H σˆ
j
6= ∅.
If dim
(⋂t−3
j=0 Γ
σˆj
)
> 0, then
⋂t−1
j=0H
σˆj 6= ∅, implying that both H and Γ
contain a point of Σ, a contradiction. So,
⋂t−3
j=0 Γ
σˆj is one point, say
Q =
t−2⋂
j=0
H σˆ
j
. (7)
Since for i ∈ {0, 1, . . . , t − 1} the point Qσˆ
i
is the intersection of t − 1
hyperplanes in the independent set {H,H σˆ , . . . ,H σˆ
t−1
}, the set of points
{Q,Qσˆ , . . . , Qσˆ
t−1
} is independent. Define PΓ = Qσˆ
3
. Because of (7), for
i = 0, 1, . . . , t− 3 it holds P σˆ
i
Γ ∈ Γ. So, (5) is true.
(iii)⇒ (i). Let PΓ = 〈(b1, b2, . . . , bt)〉qt . The line ℓ0 such that ℓ0∩Γ = ∅ is
immaterial, so assume ℓ0 = 〈P
σˆt−2
Γ , P
σˆt−1
Γ 〉. The projectivity κ ∈ PGL(t, q
t)
related to the matrix
A =


b1 b
σ
1 . . . b
σt−1
1
b2 b
σ
2 . . . b
σt−1
2
...
bt b
σ
t . . . b
σt−1
t


−1
(8)
maps ℓ0 and Γ into the subspaces of equations X1 = X2 = . . . = Xt−2 = 0
and Xt−1 = Xt = 0, respectively. Note that the points of the canonical
subgeometry {〈(λ, λσ , . . . , λσ
t−1
)〉qt | λ ∈ F
∗
qt
} are mapped by κ−1 into points
of Σ, so by a cardinality argument it holds Σκ = {〈(λ, λσ , . . . , λσ
t−1
)〉qt | λ ∈
F
∗
qt
}. Observing that
pΓκ,ℓ0κ(Σ
κ) = {〈(0, . . . , 0, µ, µσ)〉qt | µ ∈ F
∗
qt}
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is a scattered linear set of pseudoregulus type completes the first part of the
proof. We remark here that
κ−1σˆκ : 〈(x1, x2, . . . , xt)〉qt 7→ 〈(x
σ
t , x
σ
1 , . . . , x
σ
t−1)〉qt . (9)
.
If a point R satisfies 〈R,Rσˆ, . . . , Rσˆ
t−1
〉 = PG(t − 1, qt) and
〈R,Rσˆ, . . . , Rσˆ
t−3
〉 = Γ, then
⋂t−3
i=0 Γ
σˆi = Rσˆ
t−3
, that is R = PΓ. This
proves (a).
As regards (b), note that the transversal points of pΓκ,ℓ0κ(Σ
κ) are
〈(0, . . . , 0, 1, 0)〉qt and 〈(0, . . . , 0, 1)〉qt . Applying κ
−1 it follows that the
transversal points of pΓ,ℓ0(Σ) are P
σˆt−2
Γ and P
σˆt−1
Γ , respectively.
Remark 2.4. The property dim(Γ ∩ Γσˆ) = t − 4 in Theorem 2.3 does not
hold in general for any σˆ. As a matter of fact, if gcd(s, t) = 1, then the
projection of the canonical subgeometry {〈(λ, λσˆ , . . . , λσˆ
t−1
)〉qt | λ ∈ F
∗
qt
}
from the center Γs of equation Xt−s = Xt = 0 is a scattered linear set of
pseudoregulus type but, if 1 < s < t− 1, Γs ∩ Γ
κ−1σˆκ
s is a (t− 5)-subspace.
Remark 2.5. By Theorem 2.3 (b), there are precisely two collineations σˆ
satisfying the conditions (i), (ii), (iii). They are inverse of each other.
The splash of a q-order canonical subgeometry Σ of PG(t−1, qt) on a line
ℓ is the set of all intersections of ℓ (not contained in the span of a hyperplane
of Σ) with the spans of the hyperplanes of Σ, and is always a linear set [15].
The relationship between tangent splashes and linear sets has been dealt
with in [14]. By dualizing Theorem 2.3 one obtains a characterization of the
linear sets of pseudoregulus type among all exterior splashes.
Theorem 2.6. Let ℓ be a line in PG(t−1, qt), exterior to a q-order canonical
subgeometry Σ and not contained in the span of a hyperplane of Σ. The
splash L of Σ on ℓ is a scattered Fq-linear set of pseudoregulus type if and
only if a generator σˆ exists of the subgroup of PΓL(t, qt) fixing pointwise Σ,
such that ℓ ∩ ℓσˆ 6= ∅. In this case the transversal points of L are P = ℓ ∩ ℓσˆ
and P ′ = ℓ ∩ ℓσˆ
−1
. ✷
For t = 3 the carriers defined in [1] are the transversal points [1, Theorem
4.2].
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3 Normal Fq-rational curves
In this section we collect results that will be used in the proof of Theorem
4.12, but can have their own interest. Fix a generator σ of Gal(Fqt/Fq)
(t ≥ 3); it induces an element σˆ of PΓL(t, qt). It holds
Proposition 3.1. [16, Lemma 3.51] Let P = 〈(α1, α2, . . . , αt)〉qt be a point
of PG(t− 1, qt). The following conditions are equivalent:
(i) 〈P,P σˆ, . . . , P σˆ
t−1
〉 = PG(t− 1, qt);
(ii) α1, α2, . . . , αt are Fq-linearly independent;
(iii)
det


α1 α2 . . . αt
ασ1 α
σ
2 . . . α
σ
t
...
...
ασ
t−1
1 α
σt−1
2 . . . α
σt−1
t

 6= 0. (10)
A point P satisfying the conditions in Proposition 3.1 will be called an
imaginary point. From now on PG(t− 1, q) is considered to be the set of all
Fq-rational points of PG(t− 1, q
t).
Proposition 3.2. If τ ∈ PGL(t, q) and P is an imaginary point in PG(t−
1, qt), then P τ is an imaginary point. ✷
Proposition 3.3. Assume t is prime. Let Q1 and Q2 be two distinct Fq-
rational points in PG(t− 1, qt). If P is an imaginary point, then no t of the
points Q1, Q2, P , P
σˆ, . . ., P σˆ
t−1
lie on a hyperplane.
Proof. Let S be a t-set contained in {Q1, Q2, P, P
σˆ, . . . , P σˆ
t−1
}. If S does
not contain Fq-rational points, then the thesis follows from the definition
of an imaginary point. If S contains exactly one Fq-rational point, say
Q1, then H = 〈S \ {Q1}〉 is a hyperplane spanned by t − 1 of the points
P , P σˆ, . . ., P σˆ
t−1
, so H, H σˆ, . . ., H σˆ
t−1
are independent points of the
dual space; in particular, their intersection is empty. If Q1 ∈ H, then
Q1 ∈ H ∩H
σˆ ∩ . . . ∩H σˆ
t−1
, a contradiction.
It only remains to prove that if Q1, Q2 ∈ S, then S is independent.
Let r and r + s, 0 ≤ r < r + s ≤ t − 1, be the indices such that P σˆ
r
,
P σˆ
r+s
6∈ S. Assume S is a dependent set of points. Like in the proof of
Theorem 2.3, take homogeneous coordinates x1, x2, . . ., xt such that P , P
σˆ,
. . ., P σˆ
t−1
are base points (i.e. all their coordinates but one are equal to zero),
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with first base point P σˆ
r
, and where σˆ acts as in (9). If P σˆ
r
∈ 〈S〉, then
Q1, Q2 ∈ 〈{P,P
σˆ, . . . , P σˆ
t−1
} \ {P σˆ
r+s
}〉, and one obtains a contradiction as
above. Therefore, the hyperplane K = 〈S〉 has equation X1 + λX1+s = 0
for some λ ∈ Fqt . Since Q1, Q2 ∈ K ∩K
σˆ ∩ . . . ∩K σˆ
t−2
, the equations
Xi + λ
σi−1Xi+s = 0, i = 1, 2, . . . , t− 1 (11)
are linearly dependent (indices are taken modulo t). Let I = {i1, i2, . . . , iu}
be the set of indices of a minimal linearly dependent set of equations in (11).
The multiset
u⋃
k=1
{ik, ik + s}
contains each integer mod t either zero or two times, hence i belongs to I
if and only if i + s ∈ I. From u < t it follows s > 1, and s is a nontrivial
divisor of t.
Remark 3.4. The assumption that t is a prime cannot be removed from the
previous proposition. Indeed, assume P is an imaginary point in PG(3, q4).
The line ℓ = 〈P,P σˆ
2
〉 is fixed by σˆ2, so its intersection with PG(3, q2) is a
line in the latter projective space. It is well known that there are precisely
q2 + 1 Fq-rational lines, forming a spread of PG(3, q), which intersect ℓ.
Let q ≥ t− 1. A normal rational curve of order t− 1 in PG(t− 1, qt) is
any Cτt , where
Ci = {〈(1, y, . . . , y
t−1)〉qt | y ∈ Fqi} ∪ {〈(0, 0, . . . , 0, 1)〉qt} (i | t), (12)
and τ ∈ PGL(t, qt). When τ ∈ PGL(t, q), Cτt is a normal Fq-rational curve.
Theorem 3.5. [9, Theorem 27.5.1 (v)] Let q ≥ t+1. Then there is a unique
normal rational curve of order t− 1 in PG(t− 1, q) through any t+2 points
no t of which lie in a hyperplane.
A normal Fq-rational curve can be characterized by means of the number
of its Fq-rational points.
Proposition 3.6. Let C be a normal rational curve of order t−1 in PG(t−
1, qt). Assume q ≥ t + 1. Then C is Fq-rational if and only if C has q + 1
Fq-rational points.
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Proof. For any τ ∈ PGL(t, q), a point P τ is Fq-rational if and only if P is
Fq-rational. This implies that the number of Fq-rational points of a normal
Fq-rational curve is exactly q + 1.
Conversely, assume that C has at least q + 1 Fq-rational points. Fix a
(t+2)-subset, say S, of C ∩PG(t− 1, q). By Theorem 3.5 a normal rational
curve Cτ1 , τ ∈ PGL(t, q) exists containing S. Then C and C
τ
t share at least
t+ 2 points. By Theorem 3.5 again, C = Cτt .
Proposition 3.7. Assume t is prime, and q ≥ t+1. Let Q1 and Q2 be two
distinct Fq-rational points in PG(t− 1, q
t). If P is an imaginary point, then
a unique normal rational curve C ⊂ PG(t− 1, qt) exists which contains Q1,
Q2, P , P
σˆ, . . ., P σˆ
t−1
, and such C is Fq-rational.
Proof. Proposition 3.3 and qt ≥ t + 1 are the assumptions of Theorem 3.5
which states the existence and uniqueness of C.
The number of imaginary points in PG(t− 1, qt) is
K1 = q
t−1
t−2∏
i=0
(qt−1 − qi).
Since t is prime, the number of imaginary points of a normal Fq-rational
curve is K2 = q
t − q. Let K3 be the constant number of normal Fq-rational
curves containing two distinct Fq-rational points. By double counting the
number of triples (R1, R2,S), where R1 and R2 are Fq-rational points, R1 6=
R2, and S is a normal Fq-rational curve containing both R1 and R2, taking
into account that the total number of normal Fq-rational curves in PG(t−
1, qt) is [9, Theorem 27.5.3 (ii)]
νt−1 =
∏t−1
i=0(q
t − qi)
q(q2 − 1)(q − 1)
,
one obtains
q(qt − 1)(qt−1 − 1)
(q − 1)2
K3 = (q + 1)qνt−1,
whence
K3 =
∏t−1
i=0(q
t − qi)
q(qt − 1)(qt−1 − 1)
.
Now let M be the number of pairs (X,T ), where X is an imaginary point,
and T is a normal Fq-rational curve containing X and the given points Q1,
Q2. There is at most one such curve, for it also contains X
σˆ, X σˆ
2
, . . .,
X σˆ
t−1
. Then K1 ≥ M = K2K3, and the equality holds if and only if for
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any imaginary point X the unique normal rational curve containing Q1, Q2,
X, X σˆ, . . ., X σˆ
t−1
is Fq-rational. A direct computation shows that indeed
K1 = K2K3.
4 q-order sublines
Proposition 4.1. Let Σ and Γ be a pair of a canonical subgeometry and a
(t − 3)-space of PG(t − 1, qt), respectively, such that pΓ,ℓ0(Σ) is a scattered
linear set of pseudoregulus type for some line ℓ0, ℓ0 ∩ Γ = ∅. Then, up to
projectivities,
(i) Σ = {〈(λ, λσ , . . . , λσ
t−1
)〉qt | λ ∈ F
∗
qt
},
(ii) Γ is the hyperplane with equations Xt−1 = Xt = 0,
(iii) the projection of Σ from Γ onto the line ℓ1 with equations X1 = X2 =
. . . = Xt−2 = 0 is
{〈(0, 0, . . . , 0, µ, µσ)〉qt | µ ∈ F
∗
qt},
where σ is a field automorphism σ : x 7→ xq
ν
with gcd(ν, t) = 1.
Proof. Note that (iii) is a simple consequence of the first two conditions.
A projectivity α exists such that Σα is as in Section 2, that is, Σα consists
of the Fq-rational points of PG(t− 1, q
t). Let σ : x 7→ xq
ν
, gcd(ν, t) = 1, be
a field automorphism such that
σˆ : 〈(x1, x2, . . . , xt)〉qt 7→ 〈(x
σ
1 , x
σ
2 , . . . , x
σ
t )〉qt
is one of the two collineations (cf. Remark 2.5) satisfying the conditions
of Theorem 2.3 (i), (ii), (iii). Then there is a unique point PΓ such that
Γ = 〈PΓ, P
σˆ
Γ , . . . , P
σˆt−3
Γ 〉 and PΓ is an imaginary point of PG(t − 1, q
t) (cf.
Theorem 2.3 (b)). Consider the projectivity κ, related to PΓ and defined in
(8). Then ακ will be good for the purpose of the proof.
It follows from [4] that for t = 5 or t > 6 Proposition 4.1 does not hold
anymore if one fixes ν. For there is no collineation fixing Γ and mapping
{〈(λ, λq , . . . , λq
t−1
)〉qt | λ ∈ F
∗
qt
} into {〈(λ, λq
ζ
, . . . , λq
ζ(t−1)
)〉qt | λ ∈ F
∗
qt
} if
ζ 6= 1, t− 1.
For the rest of this section, we may assume that coordinates are fixed
such that conditions (i) and (ii) are satisfied in Proposition 4.1.
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Definition 4.2. Let ι : PGq(Fqt)→ Σ be the projectivity
〈λ〉q 7→ 〈(λ
σ2 , λσ
3
, . . . , λσ
t−1
, λ, λσ)〉qt . (13)
Since the line ℓ0 such that ℓ0 ∩ Γ = ∅ is immaterial, we may assume
that ℓ0 is the line ℓ1 in Proposition 4.1. Take xt−1 and xt as homogeneous
coordinates in ℓ0 = ℓ1, so
L = {〈(µ, µσ)〉qt | µ ∈ F
∗
qt}. (14)
The field reduction F = F2,t,q maps any point X = 〈(a, b)〉qt of ℓ0 to the
(t−1)-subspace F(X) = {〈(za, zb)〉q | z ∈ F
∗
qt
} of PG(2t−1, q) ∼= PGq(F
2
qt
).
4.1 Number of q-order sublines
In [10] the following hypersurface of degree t in PG(2t− 1, q) is dealt with:
Qt−1,q = {〈(a, b)〉q | (a, b) ∈ (F
2
qt)
∗, N(a) = N(b)}. (15)
The (t− 1)-subspaces of type
Sh,k = {〈(z, kz
qh)〉q | z ∈ F
∗
qt} for k ∈ Fqt, N(k) = 1, h = 0, 1, . . . , t− 1,
(16)
are contained in Qt−1,q, and any family
Sh = {Sh,k | k ∈ Fqt , N(k) = 1}, h = 0, 1, . . . , t− 1,
is a partition of Qt−1,q [10]. If q ≥ t, any subspace of PG(2t− 1, q) which is
contained in Qt−1,q is contained in some Sh,k [10, Corollary 10].
Proposition 4.3. It holds F(L) = S0.
Proof. Any X ∈ L is of type 〈(1, µq−1)〉qt , µ ∈ F
∗
qt
, that is X = 〈(1, k)〉qt for
some k ∈ Fqt, N(k) = 1. Hence F(X) = {〈(z, kz)〉q | z ∈ F
∗
qt
} = S0,k. The
statement follows from the fact that both F(L) and S0 are of size θt−1.
As a consequence of Proposition 4.3, it holds
Proposition 4.4. Let q ≥ t. For any q-order subline r in L, there is a line
m of PG(2t − 1, q) contained in some Sh,k, h = 1, 2, . . . , t − 1, N(k) = 1,
such that m is a transversal line to the regulus F(r).
Proposition 4.5. Assume q ≥ t. Let P = 〈(1, 1)〉q and, for any y ∈ Fqt \Fq
and h ∈ {0, 1, . . . , t− 1}, define Qy,h = 〈(y, y
qh)〉q. Then
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(i) The points P and Qy,h in PG(2t− 1, q) are distinct.
(ii) For any point Q in Qt−1,q \ {P}, the line 〈P,Q〉 is contained in Qt−1,q
if and only if there are y ∈ Fqt \ Fq and h ∈ {0, 1, . . . , t− 1} such that
Q = Qy,h.
(iii) For any two pairs {y, h} and {y′, h′}, y, y′ ∈ Fqt \ Fq and h, h
′ ∈
{0, 1, . . . , t − 1}, it holds Qy,h = Qy′,h′ if and only if 〈y〉q = 〈y
′〉q and
[Fq(y) : Fq] divides h− h
′.
Proof. The ‘only if’ part of assertion (ii) follows from the fact that for q ≥ t,
any line of Qt−1,q is contained in some Sh,k and 〈(1, 1)〉q ∈ Sh,k if and only
if k = 1. The ‘if’ part follows from the fact that 〈λ(1, 1) + (y, yq
h
)〉q =
〈(λ + y, (λ + y)q
h
)〉q ∈ Sh,1 for any λ ∈ Fq. (In general, for any two points
of Sh,k the line joining them is also contained in Sh,k).
As regards (iii), we may assume h ≥ h′. We have Qy,h = Qy′,h′ if and
only if λy = y′ and λyq
h
= y′q
h′
for some λ ∈ F∗q. If this happens, then clearly
〈y〉q = 〈y
′〉q and y
qh−h
′
−1 = 1, i.e y ∈ F∗
qh−h
′ and hence [Fq(y) : Fq] |h − h
′.
On the other hand, if [Fq(y) : Fq] |h−h
′ for some y ∈ Fqt\Fq, then y ∈ Fqh−h′
and hence yq
h
= yq
h′
. It follows that for any y′ ∈ 〈y〉q, i.e. when y
′ = λy for
some λ ∈ F∗q, we have λy
qh = y′q
h′
.
Proposition 4.6. Denote by N1 the number of lines contained in Qt−1,q
and incident with P . If q ≥ t, then
N1 =
∑
y∈Fqt\Fq
[Fq(y) : Fq]
q(q − 1)
.
Proof. According to Proposition 4.5 (iii), for any y ∈ Fqt \ Fq and h, h
′ ∈
{0, 1, . . . , t−1}, we have Qy,h = Qy,h′ if and only if h ≡ h
′ (mod [Fq(y) : Fq]).
Also, if Qy,h = Qy′,h′, then 〈y〉q = 〈y
′〉q. Then the statement follows from a
double counting of the distinct pairs (y,Qy,h), y ∈ Fqt \Fq, h ∈ {0, 1, . . . , t−
1}. The number of such pairs is
∑
y∈Fqt\Fq
[Fq(y) : Fq] = N1q(q − 1).
Proposition 4.7. If q ≥ t, the number of lines of PG(2t − 1, q) which are
contained in Qt−1,q is
N2 =
θ2t−1
∑
y∈Fqt\Fq
[Fq(y) : Fq]
q(q2 − 1)
.
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Proof. Since the collineation group of Qt−1,q is transitive, see [10, Proposi-
tion 19], every point in Qt−1,q is on precisely N1 lines, and the size of Qt−1,q
is θ2t−1.
Theorem 4.8. If q ≥ t, the number of q-order sublines in L is
θt−1
q + 1


∑
y∈Fqt\Fq
[Fq(y) : Fq]
q(q − 1)
− θt−2

 . (17)
Proof. This is the number N of lines in Qt−1,q which are not contained in
any element of S0,
N = N2 −
θ2t−1θt−2
q + 1
,
divided by the number of lines in PG(2t− 1, q) related to a common q-order
subline in PG(1, qt), which is θt−1.
The following is a corollary of Theorem 4.8:
Proposition 4.9. Let q ≥ t. If t is prime, then L contains precisely (t −
1)θt−1θt−2/θ1 q-order sublines.
4.2 Structure of the q-order sublines
Definition 4.10. Let P = 〈x〉q be a point of PGq(Fqt). We define o(P ),
the order of P , as the smallest integer m, such that x ∈ Fqm. Instead
of o(P ) = o(〈x〉q), we also write o(x). Let ℓ be a line of PGq(Fqt), and
let ℓˆ be the corresponding two-dimensional Fq-subspace of Fqt. We define
o(ℓ), the order of ℓ, as the smallest integer m such that ℓˆ is contained in
a one-dimensional Fqm-subspace of Fqt. Note that if 〈x〉q and 〈y〉q are two
different points of ℓ, then o(y/x) = o(ℓ). In particular, if 〈1〉q ∈ ℓ, then for
each 〈z〉q ∈ ℓ \ 〈1〉q we have o(z) = o(ℓ).
Proposition 4.11. Consider L = pΓ,ℓ0(Σ) = {〈(µ, µ
σ)〉qt | µ ∈ F
∗
qt
} with
σ : x 7→ xq
ν
(cf. (14)) in PG(t− 1, qt), q ≥ t. Then for each q-order subline
r contained in L, Σ∩p−1Γ,ℓ0(r) is projectively equivalent to the set of all points
〈xδθh−1〉q, where x varies on a line ℓ of PGq(Fqt), δ is an integer such that
δθν−1 ≡ 1 (mod θt−1) (18)
and h is such that a transversal line f to the regulus F(r) is contained in a
subspace of Sh. Also, o(ℓ) does not divide h.
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Proof. The line f ⊆ Sh,k contains two distinct points in the form 〈(z, kz
qh)〉q,
〈(w, kwq
h
)〉q, thus the points of r have form
〈(az + bw, akzq
h
+ bkwq
h
)〉qt = 〈(1, k(az + bw)
qh−1)〉qt ,
where (a, b) ∈ (F2q)
∗. Take any u ∈ F∗
qt
and denote 〈u〉q ∈ PGq(Fqt) by U .
Then pΓ,ℓ0(U
ι) = 〈(1, uq
ν−1)〉qt (cf. (13)). Thus pΓ,ℓ0(U
ι) ∈ r if and only if
uq
ν−1 = k(az + bw)q
h−1, that is, when
uq−1 = kδ
[
(az + bw)q
h−1
]δ
,
for some (a, b) ∈ (F2q)
∗. Since k = k′q−1 for some k′ ∈ F∗
qt
and u is defined
up to a non-zero factor in Fq, the point set of PGq(Fqt) mapped into r by
ιpΓ,ℓ0 is, up to the collineation 〈x〉q 7→ 〈k
′δx〉q, equals
{〈(az + bw)δθh−1〉q | (a, b) ∈ (F
2
q)
∗}.
Since ι is a projectivity, the first part follows with ℓˆ = 〈z, w〉q . Let o(ℓ) =
o(z/w) = m and suppose to the contrary m | h. Then 〈xδθh−1〉q = 〈y
δθh−1〉q,
for any two points 〈x〉q, 〈y〉q ∈ ℓ, a contradiction.
Theorem 4.12. Let t be prime and q ≥ t+1. There are precisely θt−1θt−2/θ1
q-order sublines of L which are projections under pΓ,ℓ0 of normal rational
curves of order t− 1 containing the points P σˆ
i
Γ , i = 0, 1, . . . , t− 1.
Proof. Since a normal rational curve of order t−1 is uniquely determined by
t + 2 points in general position, by Proposition 3.3 any two distinct points
in Σ are contained in precisely one such curve, which is Fq-rational (cf.
Proposition 3.7), and a double counting shows that the number of curves is as
stated. So it is enough to prove, extending the argument in [11], that for any
normal Fq-rational curve C of order t− 1 in PG(t− 1, q
t) and any imaginary
point P ∈ C, the projection of C from the center Γ = 〈P,P σˆ, . . . , P σˆ
t−3
〉 is a
q-order subline.
Up to a change of coordinates with coefficients in Fq, C = Ct (see (12)),
so P = 〈v〉qt , where v = (1, α, α
2, . . . , αt−1), for an α such that Fq(α) = Fqt .
The vectors v, vσ, . . ., vσ
t−1
are Fq-linearly independent. The axis of the
projection is immaterial, so it can be identified with the line ℓ1 of equations
X1 = X2 = . . . = Xt−2 = 0 that by Proposition 3.3 is disjoint with Γ. Note
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that by operating row reduction on the matrix
A =


1 x x2 . . . xt−1
1 α α2 . . . αt−1
1 ασ α2σ . . . α(t−1)σ
...
...
1 ασ
t−3
α2σ
t−3
. . . α(t−1)σ
t−3


the last line is (0, 0, . . . , 1,detA−1t detAt−1), where Aj is obtained from A
by deleting its j-th column, j = t − 1, t. The matrix At is a Vandermonde
matrix, and by a general property of Vandermonde matrices,
detAt−1 =
(
x+
t−3∑
i=0
ασ
i
)
detAt.
This implies that
pΓ,ℓ1(C ∩Σ) = {〈(0, 0, . . . , 0, 1, x+
t−3∑
i=0
ασ
i
)〉qt | x ∈ Fq}∪{〈(0, 0, . . . , 0, 1)〉qt}
is a q-order subline.
Remark 4.13. Theorem 5.13 will state that the q-order sublines dealt with
in Theorem 4.12 are all associated with a unique family Sh.
5 θ−1ν−1θh−1-powers of lines
Definition 5.1. For an integer d and a point set H ⊆ PGq(Fqt), let H
d =
{〈xd〉q | 〈x〉q ∈ H}.
Definition 5.2. For any w ∈ F∗
qt
let λw : PGq(Fqt)→ PGq(Fqt) denote the
projectivity 〈z〉q 7→ 〈wz〉q.
First we show three simple properties of the 〈x〉q 7→ 〈x
d〉q map. Propo-
sition 5.3 says that the study of ℓd can be reduced to the study of ℓd
′
, where
d ≡ d′ (mod θm−1), m the order of ℓ. Take a line ℓ of PGq(Fqt). When
t is not a prime, and hence Fqt has non-trivial subfields, then Proposition
5.4 says that the dimension of 〈ℓd〉 depends also on the choice of ℓ and not
only on the choice of d. Proposition 5.5 implies that the study of ℓd can be
reduced to the study of ℓ′d, where ℓ′ is a line such that o(ℓ) = o(ℓ′) and ℓ′
contains 〈1〉q.
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Proposition 5.3. If ℓ is a line of PGq(Fqt) with o(ℓ) = m and d ≡ d
′
(mod θm−1), then ℓ
d is PGL(t, q)-equivalent with ℓd
′
.
Proof. Let x = αf1 and y = αf2 for some f1, f2 ∈ Fqm and α ∈ Fqt such that
ℓ = 〈x, y〉q. We show that an element β of F
∗
qt
exists such that λβ(P
d) = P d
′
for each P ∈ ℓ. Take a point P ∈ ℓ, so P = 〈ηx + µy〉q for some η, µ ∈ Fq.
Then λβ(P
d) = P d
′
if and only if βq−1(ηx + µy)d(q−1) = (ηx + µy)d
′(q−1),
that is, βq−1 = (ηx + µy)(d
′−d)(q−1). We have d − d′ = Kθm−1 for some
integer K, thus (ηx + µy)(d−d
′)(q−1) = (ηx + µy)(q
m−1)K = α(q
m−1)K . It
follows that αθm−1K is a good choice for β.
Proposition 5.4. Let ℓ be a line of PGq(Fqt) with o(ℓ) = m. Then ℓ
d is
contained in a subspace PG(m − 1, q) of PGq(Fqt). Also, there is a line ℓ
′
in PGq(Fqm) with o(ℓ) = o(ℓ
′), such that ℓd is PGL(t, q)-equivalent with ℓ′d.
Proof. We have ℓ = 〈x, y〉q for some x = αf1 and y = αf2, where f1, f2 ∈
Fqm and α ∈ Fqt . Then for each µ, η ∈ Fq we have
(µx+ ηy)d =
d∑
i=0
(
d
i
)
(µαf1)
i(ηαf2)
d−i = αd
d∑
i=0
γif
′
i ,
where γi ∈ Fq and f
′
i ∈ Fqm for i = 0, 1, . . . , d, and hence (µx+ ηy)
d = αdf
for some f ∈ Fqm (depending on µ and η). Let ℓ
′ = 〈f1, f2〉q ⊆ PGq(Fqm).
Then λαd is a projectivity which maps ℓ
′d into ℓd. It is easy to see that
o(ℓ) = o(ℓ′).
Proposition 5.5. Let ℓ be a line of PGq(Fqt) and let P and Q be any
two different points of ℓ. There exists a projectivity µ of PGq(Fqt) and a
line ℓ′ = 〈1, z〉q such that µ(P
d) = 〈1〉q, µ(Q
d) = 〈zd〉q, µ(ℓ
d) = ℓ′d and
o(ℓ) = o(ℓ′).
Proof. Let P = 〈x〉q, Q = 〈y〉q and let z = y/x. Then o(ℓ) = o(ℓ
′) trivially
holds. We have ℓ = {〈xw〉q | 〈w〉q ∈ ℓ
′}, thus ℓd = {〈xdu〉q | 〈u〉q ∈ ℓ
′d}.
We have P d = λxd(〈1〉q), Q
d = λxd(〈z
d〉q) and ℓ
d = λxd(ℓ
′d). Let µ be the
inverse of λxd .
Proposition 5.6. Let ν ≥ 1 and h ≥ 0 be integers such that gcd(ν, t) = 1.
Also, let m be a positive divisor of t. Then θν−1 is invertible modulo θt−1,
denote its inverse by θ−1ν−1. Also, denote
2 the inverse of ν modulo m by ν−1.
2In this section θ−1ν−1 and ν
−1 will always denote inverses modulo θt−1 and m, respec-
tively.
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Then we have
θ−1ν−1θh−1 ≡
qνn − 1
qν − 1
(mod θm−1), (19)
for each n, such that n ≡ hν−1 (mod m).
Proof. The following congruence relation is equivalent to (19),
θh−1 ≡
qνn − 1
q − 1
(mod θm−1). (20)
Because of the choice of n, we have νn ≡ h (mod m), say νn = Km + h.
As qm = (q− 1)θm−1+1, it follows that q
Km+h− 1 ≡ (qm)Kqh− 1 ≡ qh− 1
(mod θm−1).
Lemma 5.7. Take a line ℓ of PGq(Fqm) with o(ℓ) = m and let ν ≥ 1,
gcd(ν,m) = 1, and 1 ≤ n ≤ m− 1 be integers. Let
d =
qnν − 1
qν − 1
.
Then any n + 1 points of ℓd are in general position, that is, they span an
n-dimensional subspace of PGq(Fqm).
Proof. We proceed by induction on n. If n = 1, then d = 1 and hence
ℓd = ℓ, in which case the assertion is trivial. Now let n > 1 and suppose to
the contrary that ℓ contains n + 1 points, Q0, Q1, . . . , Qn, such that Q
d
0 ∈
〈Qd1, . . . , Q
d
n〉. According to Proposition 5.5 there is a line ℓ
′ such that o(ℓ) =
o(ℓ′), ℓ′ = 〈1, z〉q and
〈zd〉q ∈ 〈Q
′d
1 , . . . , Q
′d
n−1, 〈1〉q〉, (21)
where Q′i ∈ ℓ
′, for i = 1, . . . , n − 1. It follows from (21) that there exist
αi ∈ Fq for i = 1, 2, . . . , n and λi ∈ F
∗
q for i = 1, 2, . . . , n − 1 such that
λj 6= λk for j 6= k and
zd = αn +
n−1∑
i=1
αi(1 + λiz)
d. (22)
Now we use d = 1 + qν + . . . + q(n−1)ν and we take qν-th powers of both
sides to obtain
zq
ν+...+qnν = αn +
n−1∑
i=1
αi(1 + λiz)
qν+...+qnν . (23)
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Subtracting (22) from (23) yields
zq
ν+...+q(n−1)ν
(
zq
nν
− z
)
=
n−1∑
i=1
αi(1 + λiz)
qν+...+q(n−1)ν
(
(1 + λiz)
qnν − (1 + λiz)
)
.
We have (1 + λiz)
qnν − (1 + λiz) = λi
(
zq
nν
− z
)
, which is non-zero because
o(z) = o(ℓ) = m does not divide nν. So we can divide both sides by zq
nν
−z
and take qν-th roots to obtain
z1+q
ν+...+q(n−2)ν =
n−1∑
i=1
αiλi(1 + λiz)
1+qν+...+q(n−2)ν .
According to the induction hypothesis any n points of ℓ′1+q
ν+...+q(n−2)ν are
in general position, a contradiction.
Corollary 5.8. Take a line ℓ of PGq(Fqt) and let o(ℓ) = m. Take positive
integers ν, h ∈ {1, 2, . . . , t− 1} such that gcd(ν, t) = 1. Suppose that m does
not divide h and let n ≡ hν−1 (mod m) such that 1 ≤ n ≤ m − 1. Let
d = θ−1ν−1θh−1. If q ≥ n, then ℓ
d contains n+ 1 points in general position.
Proof. Let d′ = q
νn−1
qν−1 . Proposition 5.6 yields d ≡ d
′ (mod θm−1), thus
Proposition 5.3 implies that ℓd and ℓd
′
are projectively equivalent. Also,
Proposition 5.4 yields that ℓd
′
is projectively equivalent to ℓ′d
′
for some line
ℓ′ ∈ PGq(Fqm) with o(ℓ
′) = m. Then the assertion follows from Lemma
5.7.
Lemma 5.9. Let ℓ be a line of PGq(Fqt) and let d be a non-negative integer.
Then d can be written uniquely as d =
∑∞
i=0 aiq
i (0 ≤ ai < q, i = 0, 1, . . .).
Let dq =
∑∞
i=0 ai and suppose q ≥ dq. Also suppose that in ℓ
d there exists
a set of dq + 1 points in general position. Denote by B the dq-subspace of
PGq(Fqt) spanned by this (dq + 1)-set. Then ℓ
d is a normal rational curve
of order dq in B.
Proof. If d = dq = 0, then the statement is trivial. Otherwise, accord-
ing to Proposition 5.5, we may assume ℓ = 〈1, z〉q , where 〈z
d〉q is a point
of a (dq + 1)-set whose elements span B. Denote these dq + 1 points by
{〈(1+λ1z)
d〉q, 〈(1+λ2z)
d〉q, . . . , 〈(1+λdqz)
d〉q, 〈z
d〉q}. Fix {(1+λ1z)
d, (1+
λ2z)
d, . . . , (1+λdqz)
d, zd} as a basis of the corresponding (dq+1)-dimensional
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vector subspace of Fqt. To prove ℓ
d ⊆ B we should find for each λ ∈ Fq ele-
ments α1, . . . , αdq , α ∈ Fq, considered as coordinates of the points of ℓ
d, such
that
(1 + λz)d =
dq∑
i=1
αi(1 + λiz)
d + αzd. (24)
Note that for µ ∈ Fq we have
(1 + µz)d =
∞∏
i=0
(1 + µzq
i
)ai =
∞∏
i=0
ai∑
j=0
zjq
i
µj
(
ai
j
)
=
d∑
i=0
zifi(µ),
where fi is a polynomial over Fq of degree at most dq. Note that deg fi = dq
if and only if i = d. Also, fd(µ) = µ
dq . Thus (24) can be written as
d∑
i=0
zifi(λ) =

 dq∑
j=1
αj
d∑
i=0
zifi(λj)

+ αzd,
d−1∑
i=0
zi

fi(λ)−
dq∑
j=1
αjfi(λj)

 = zd

 dq∑
j=1
αjλ
dq
j + α− λ
dq

 . (25)
If fi(X) ∈ Fq[X] is
∑dq−1
k=0 aikX
k (i = 0, 1, . . . , d− 1), then
fi(λ)−
dq∑
j=1
αjfi(λj) =
dq−1∑
k=0
aik(λ
k −
dq∑
j=1
αjλ
k
j ). (26)
We show that there exist α,α1, . . . , αdq ∈ Fq, such that λ
k−
∑dq
j=1 αjλ
k
j = 0
for each k = 0, . . . , dq − 1 and
∑dq
j=1 αjλ
dq
j + α − λ
dq = 0. Then (25) and
hence (24) have a solution. Consider the following matrix equation


1
λ
...
λdq

 =


0 1 . . . 1
0 λ1 . . . λdq
...
...
...
...
1 λ
dq
1 . . . λ
dq
dq




α
α1
...
αdq

 .
Denote the (dq + 1) × (dq + 1) matrix on the right-hand side by M and
denote by N the dq × dq matrix obtained from M by removing its first
column and its last row. As det(M) = ± det(N) and N is a Vandermonde
matrix, it follows from λi 6= λj for i 6= j that det(M) 6= 0. Thus the system of
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equations has a unique solution. Let τ be the projectivity of B whose matrix
is M−1. Then for each λ ∈ Fq we have 〈(1, λ, . . . , λ
dq )〉τq = 〈(1 + λz)
d〉q and
〈(0, 0, . . . , 0, 1)〉τq = 〈z
d〉q.
Theorem 5.10. Let ℓ be a line of PGq(Fqt) and let o(ℓ) = m. Take positive
integers ν, h ∈ {1, 2, . . . , t− 1} such that gcd(ν, t) = 1. Suppose that m does
not divide h and let n ≡ hν−1 (mod m) such that 1 ≤ n ≤ m − 1. Let
d = θ−1ν−1θh−1. If q ≥ n, then ℓ
d is a normal rational curve of order n in
some n-subspace of PGq(Fqt).
Proof. Corollary 5.8 yields the existence of n + 1 points of ℓd in general
position. According to Propositions 5.3 and 5.6, ℓd is projectively equivalent
to ℓd
′
with d′ = 1 + qν + . . . + q(n−1)ν . The assertion follows from Lemma
5.9 since d′q = n.
Corollary 5.11. [6, 7, 8, 13, 22] If ℓ is a line of PGq(Fqt), q + 1 ≥ t, then
ℓ−1 is a normal rational curve in some (m− 1)-space of PGq(Fqt) such that
m divides t.
Proof. The PG(t − 1, q) → PG(t − 1, q) map 〈x〉q 7→ 〈x
−1〉q is the compo-
sition of the maps 〈x〉q 7→ 〈x
θt−2〉q and 〈x〉q 7→ 〈x
q〉q. The latter one is a
projectivity of PGq(Fqt) and hence for each line ℓ ⊂ PGq(Fqt), ℓ
−1 is projec-
tively equivalent to ℓθt−2 . Let o(ℓ) = m. Since m divides t, it cannot divide
t− 1 and hence Theorem 5.10 with h = t− 1 and ν = 1 yields that ℓ−1 is a
normal rational curve in some m− 1 space of PGq(q
t).
As a corollary of Theorem 5.10 it holds:
Theorem 5.12. Let L = pΓ,ℓ0(Σ) be a scattered linear set of pseudoregulus
type in ℓ0 ∼= PG(1, q
t), q ≥ t, and let r be a q-order subline of ℓ0 contained
in L. Then Σ∩ p−1Γ,ℓ0(r) is a normal rational curve in some n-subspace of Σ.
More precisely, assuming Proposition 4.11, a divisor m > 1 of t exists such
that Σ ∩ p−1Γ,ℓ0(r) is a normal rational curve of order n in some n-subspace
of Σ, where 1 ≤ n ≤ m− 1 and n ≡ hν−1 (mod m).
Since the normal rational curves dealt with in Theorem 4.12 are of order
t− 1, as a consequence of Theorem 5.12 one obtains:
Theorem 5.13. Let t be a prime and q ≥ t. For any h ∈ {1, 2, . . . , t − 1}
and any line f contained in an element of Sh (see (16)), the q-order subline
r = B(f) is the projection under pΓ,ℓ0 of a normal rational curve of order
n ≡ hν−1 (mod t) contained in Σ. In particular, if q > t, the normal
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rational curves related to lines contained in elements of S−ν are exactly
the normal rational curves containing the points P σˆ
i
Γ , i = 0, 1, . . . , t − 1,
constructed in Theorem 4.12.
Proof. Since t is a prime, we have o(f ι
−1
) = t. According to Theorem 5.12
the order of the normal rational curve Σ∩p−1Γ,ℓ0(r) is n if and only if n ≡ hν
−1
(mod t), i.e. when h ≡ nν (mod t).
The number of normal rational curves constructed in Theorem 4.12 is
θt−1θt−2/θ1, which is the same as the number of reguli F(ℓ), ℓ is a q-subline
of L, such that there is a transversal of F(ℓ) contained in an element of
Sh.
Remark 5.14. Theorem 5.13 extends [1, Theorem 5.2] and [11, Lemma
18].
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